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Preliminaries: primitive relations and toric Mori theory
In this section, we recall the basic definitions and properties of primitive collections and primitive relations, and some results of toric Mori theory. For a more detailed account, we refer to [11, 15] for properties of toric varieties, to [3, 4, 17] for primitive collections and primitive relations and to [16] for toric Mori theory.
An n-dimensional toric variety X is described by a finite fan Σ X in the vector space N Q = N ⊗ Z Q, where N is a free abelian group of rank n. Throughout the paper we will deal with toric varieties that are smooth and complete; this is equivalent to ask that the support of Σ X is the whole space N Q and every cone in Σ X is generated by a part of a basis of N .
We recall that for each r = 0, . . . , n there is a bijection between the cones of dimension r in Σ X and the orbits of codimension r in X; we'll denote by V (σ) the closure of the orbit corresponding to σ ∈ Σ X and V (x) = V ( x ) in case of 1-dimensional cones.
For each 1-dimensional cone ρ ∈ Σ X , let v ρ ∈ ρ ∩ N be its primitive generator, and G(Σ X ) = {v ρ | ρ ∈ Σ X } the set of all generators of Σ X .
The following definitions were introduced by V. Batyrev in [3] : Definition 1.1. A subset P = {x 1 , . . . , x h } ⊆ G(Σ X ) is a primitive collection for Σ X if x 1 , . . . , x h / ∈ Σ X , and x 1 , . . ,x i , . . , x h ∈ Σ X for each i = 1, . . . , h. We denote by PC(Σ X ) the set of all primitive collections of Σ X . Definition 1.2. Let P = {x 1 , . . . , x h } ⊆ G(Σ X ) be a primitive collection and let σ P = y 1 , . . . , y k be the unique cone in Σ X such that x 1 + · · · + x h ∈ Rel Int σ P . Then we get a linear relation
with a i a positive integer for each i = 1, . . . , k. This is the primitive relation associated to P . The degree of P is the integer deg
Let A 1 (X) be the group of algebraic 1-cycles on X modulo numerical equivalence, N 1 (X) = A 1 (X) ⊗ Z Q, and NE(X) ⊂ N 1 (X) the cone of Mori, generated by classes of effective curves. We recall that there is an exact sequence:
where the map A 1 (X) → Z G(Σ X ) is given by γ → {γ · V (x)} x∈G(Σ X ) . Hence the group A 1 (X) is canonically isomorphic to the lattice of integral relations among the elements of G(Σ X ): a relation
corresponds to a 1-cycle that has intersection a x with V (x) for all x ∈ G(Σ X ). We will often identify classes in N 1 (X) and the associated relations. We remark that since the canonical class on X is given by K X = − x∈G(Σ X ) V (x), if γ ∈ N 1 (X) corresponds to x a x x = 0, then −K X ·γ =
x a x . In particular, for every primitive collection P ∈ PC(Σ X ), the associated primitive relation defines a class r(P ) ∈ A 1 (X), and −K X · r(P ) = deg P .
For convenience, we will always write primitive relations as x 1 + · · · + x h = a 1 y 1 + · · · + a k y k instead of x 1 + · · · + x h − (a 1 y 1 + · · · + a k y k ) = 0, i. e. writing elements with negative coefficient on the right side. This must not be confused with the relation −(x 1 + · · · + x h ) + a 1 y 1 + · · · + a k y k = 0, which is the opposite element in A 1 (X).
The cone of effective curves in a smooth complete toric variety has been studied by M. Reid in [16] , where he shows that in this case NE(X) is closed and polyhedral, generated by classes of invariant curves ( [16] , proposition 1.6). Moreover, he gives a precise description of the geometry of the fan around a cone corresponding to an extremal curve: Theorem 1.3 (Reid [16] ). Suppose that X is projective; let R be an extremal ray of NE(X) and γ a primitive element in R ∩ A 1 (X). Then the relation associated to γ has the form
with a i ∈ Z >0 ; P = {x 1 , . . . , x h } is a primitive collection and γ = r(P ). Moreover, for each cone z 1 , . . , z t such that {z 1 , . . , z t } ∩ {y 1 , . . , y k , x 1 , . . , x h } = ∅ and y 1 , . . , y k , z 1 , . . , z t ∈ Σ X , we have x 1 , . . ,x i , . . , x h , y 1 , . . , y k , z 1 , . . , z t ∈ Σ X for all i = 1, . . . , h.
As a consequence of this result, we have an important description of the cone of effective curves for projective toric varieties: Proposition 1.4 (Batyrev [3] ). Suppose that X is projective: then the cone of effective curves NE(X) is generated by primitive relations.
Proof. It is an easy consequence of theorem 1.3 and lemma 2.2 below.
This gives the following simple characterization of toric Fano varieties: Proposition 1.5 (Batyrev [4] ). Suppose that X is projective. Then X is Fano if and only if all primitive collections in Σ X have strictly positive degree.
Finally, we recall the fundamental result: Proposition 1.6. Let X be a toric Fano variety and γ ∈ NE(X). If γ has anticanonical degree one, then it is extremal.
We notice that this result seems well-known by experts in toric geometry (see V. Batyrev [4] , theorem 2.3.3 and corollary 2.3.4, and H. Sato [17] , the proof of lemma 5.4), but we couldn't find an explicit proof of it written anywhere. Hence, we refer to [6] , proposition 4.3.
Primitive collections of order two and invariant divisors
Let X be a toric Fano variety of dimension n. All toric varieties are birationally equivalent and we know, after the the weak factorization theorem [14, 1] , that any two smooth, complete toric varieties can be obtained one from the other by a sequence of smooth equivariant blow-ups and blowdowns.
Here we give an explicit birational description of X when Σ X has at least one pair of symmetric generators x, −x. This will be linked to some properties of irreducible invariant divisors on X.
Our starting point is the following lemma:
Lemma 2.1. Suppose that {x, −x} is a primitive collection in Σ X . Then for any other primitive collection P containing x, the associated primitive relation is r(P ) :
moreover, P ′ = {−x, z 1 , . . . , z h } is also a primitive collection, with relation
Both P and P ′ have degree 1, they are extremal, and 2h ≤ n. Furthermore, for any other primitive collection Q = {x, u 1 , . . . , u m } different from P and from {x, −x}, we have
For the proof of lemma 2.1, we need to recall the following condition for effectiveness for a numerical class (see [6] , lemma 1.4):
Lemma 2.2. Let X be a smooth, complete toric variety and γ ∈ A 1 (X) given by the relation
Proof of lemma 2.1. Suppose that the primitive relation associated to P is
Since X is Fano, 1
On the other hand, consider the class γ in N 1 (X) corresponding to the relation:
Since y 1 , . . . , y h ∈ Σ X , lemma 2.2 implies that γ ∈ NE(X), hence 1 ≤ −K X · γ = 1 + i a i − h, namely i a i ≥ h: therefore we get i a i = h and deg P = γ · (−K X ) = 1. Then r(P ) and γ are extremal: in particular, γ is primitive, which means a i = 1 for all i and k = h. Suppose now that Q = {x, u 1 , . . . , u m } is a primitive collection different from P and from {x, −x}. We want to show that u 1 , . . , u m , z 1 , . . , z h and u 1 , . . , u m , y 1 , . . , y h are not in Σ X . Suppose that u 1 , . . , u m , z 1 , . . , z h ∈ Σ X . Since r(P ) is extremal, by theorem 1.3 we get that either x, u 1 , . . , y m ∈ Σ X , or P = Q, in both cases a contradiction. Suppose now that the cone u 1 , . . , u m , y 1 , . . , y h is in Σ X ; then since r(P ′ ) is extremal and −x ∈ Q, theorem 1.3 implies that also u 1 , . . , u m , z 1 , . . , z h is in Σ X , which gives a contradiction.
Fibration in P 1 : basic construction. We want to explain the basic geometric construction which is an immediate consequence of lemma 2.1.
Even if the precise statement of our result will be given in theorem 2.4, we think it is useful for the reader to explain this construction here.
We fix two symmetric generators x, −x ∈ G(Σ X ). If the class x+(−x) = 0 is extremal, then X is a toric P 1 -bundle over a toric Fano variety W and V (x), V (−x) are the invariant sections of the bundle. In this case x and −x are not contained in any primitive collection different from {x, −x}. Otherwise, if there exists a primitive collection P = {x, −x} containing x, the class x + (−x) = 0 is not extremal: a decomposition of this class in NE(X) is given by r(P ) + r(P ′ ), where P ′ is as in lemma 2.1.
For every such P , we define E P to be the union of the exceptional loci of r(P ) and r(P ′ ). By lemma 2.1, for two different P , Q containing x, the loci E P and E Q are disjointed. The locus E P has pure codimension #P − 1, hence the divisorial ones are exactly the ones for P of order two. Fact: outside the loci of the form E P , X is fibered in P 1 . We think of the loci E P as the "obstructions" to X being a P 1 -bundle. We can "eliminate" these obstructions by a finite number of flips and blowdowns, getting a smooth projective toric variety which is a toric P 1 -bundle over W ≃ V (x). More precisely:
• for every primitive collection P = {x, y} of order two, we blow-down the divisor V (y) with respect to the extremal relation r(P ′ ) : (−x) + z = y;
• for every primitive collection P = {x, y 1 , . . , y h } with h ≥ 2, we flip the relation r(P ′ ) : (−x) + z 1 + · · · + z h = y 1 + · · · + y h : namely, we blow-up the subvariety V ( y 1 , . . . , y h ) ⊂ E P and then blow-down the exceptional divisor V (v) with respect to the extremal class (−x) + z 1 + · · · + z h = v; in this way we get a new smooth projective (non-Fano) toric variety with an extremal class given by the primitive relation y 1 + · · · + y h = (−x) + z 1 + · · · + z h . The flip exchanges an extremal class of anticanonical degree 1 with an extremal class of anticanonical degree -1.
We perform this for all primitive collections containing x (different from {x, −x}). In the end we get a smooth projective toric variety X which is a toric P 1 -bundle over a smooth toric variety W . The images of the divisors V (x), V (−x) in X are the invariant sections of the bundle; since the divisor V (x) in X is disjoint from the exceptional loci of the flips and of the blowdowns, we have V (x) ≃ W . Geometric description in dimension 4: in dimension 4, when E P is not divisorial, it is the union of two P 2 which intersect in one point. Each P 2 intersects one (and only one) of the divisors V (x), V (−x) along a P 1 . Blowing-up the P 2 that touches V (−x), we get an exceptional divisor isomorphic to P 2 ×P 1 with normal bundle O(−1, −1). The other P 2 is blown-up in one point. When we blow-down the exceptional divisor on P 1 , the image of E P is S 1 , fibered in P 1 on the intersections with the images of the two divisors V (x), V (−x). The divisor V (−x) is "flopped".
In general, the loci V ( y 1 , . . . , y h ) and V ( z 1 , . . . , z h ) are toric P hbundles over a smooth toric variety T of dimension n − 2h, and intersect along a common invariant section. Fiberwise on T , the same description as in the 4-dimensional case holds (with P h instead of P 2 ). Remark: we recall that a toric bundle is locally trivial on Zariski open subsets; see [10] , theorem 6.7 on page 246.
Our next lemma concerns primitive collections of order two in Σ X . Due to the fact that X is Fano, these primitive collections must have a particularly simple primitive relation. In fact, if {x, y} is a primitive collection, its degree must be positive by proposition 1.5, hence there are only two possible primitive relations: x + y = 0 or x + y = z. In this last case, the relation has degree 1, so by proposition 1.6 the corresponding class in NE(X) is extremal. Therefore, for each pair of generators x, y ∈ G(Σ X ), only three cases can occur:
, and the relation x + y = z is extremal, hence by theorem 1.3 the cones x, z and y, z are in Σ X .
This has a nice geometric interpretation. We recall that two irreducible invariant divisors V ( Proof. Suppose y = w. The two relations x + y = z and x + w = v are extremal, thus the cones x, z , y, z , x, v , w, v are in Σ X . If z, v ∈ Σ X , then z, v, y and z, v, w are in Σ X , which is impossible, because z + w = v + y. Therefore {z, v} is a primitive collection.
If the associated primitive relation is z + v = 0, we have 2x + y + w = 0. We claim that this is impossible. Indeed, if 2x + y + w = 0 the set {y, w} can not be a part of a basis of the lattice, because x is not an integral linear combination of y and w. Since X is smooth, the cone y, w is not in Σ X , so {y, w} is a primitive collection. Its primitive relation can not be y + w = 0 (it would imply x = 0) nor y + w = t (it would be t = −2x), so its degree can not be positive, which is a contradiction because X is Fano.
Therefore the primitive relation associated to {z, v} is z + v = u. We want to show that u = x, which gives the statement.
If u = y, we get 2x + w = 0, which is impossible because the generators are primitive elements in N . The same if u = w.
Suppose that u ∈ {x, y, w}. Since the degree of the relation z + v = u is 1, this class is extremal: so u, v and u, z are in Σ X , and since x + y = z and x+w = v are extremal, all the cones u, v, x , u, v, w , u, z, x , u, z, y are in Σ X . Now consider the pair {y, v}: since y + 2v = u + w, the cone y, v can not be in Σ X , hence {y, v} is a primitive collection. It can not be y + v = 0, because it would imply u = x. Moreover, there can not be a primitive relation y +v = k, because this would imply k, v ∈ Σ X , which is impossible since k + v = u + w. Therefore we get a contradiction.
We are now ready to state the principal result of this section.
There exists a sequence
where for all i, X i is a smooth projective toric variety and ϕ i is a toric flip that exchanges an extremal class having anticanonical degree 1 in NE(X i ) with an extremal class having anticanonical degree -1 in NE(X i+1 ). In (♦) ψ is an isomorphism and X = X r+1 is a toric 
by the proper transform of the line in P 2 through the two blown-up points. 
2.4.2b. the variety X is a toric

Case ρ
X is a toric S 3 -bundle over a smooth toric Fano variety Z.
There are six invariant Fano divisors
. . , D 6 in X, all having Picard number ρ X − 3, that are toric P 1 -bundles over Z:
Remark: an irreducible invariant divisor D = V (x) ⊂ X has always −K D nef; D is Fano if and only if x is not contained in any primitive collection of degree 1 and order greater than 2, namely if and only if there are no curves [4] , proposition 2.4.4 and corollary 2.4.5). We are interested in finding Fano divisors in X because this would allow to show some properties of X using induction. We will come back to this in the next section. Tables 1 and 2 on page 11 describe the situation in dimensions 3 and 4. The number in every box is the number of varieties verifying the corresponding case, and the number inside the parentheses in the first row and in the left column is the total number of varieties verifying that case.
For the 3-dimensional case, we refer to [15] , pages 90-92. We call F the toric Fano 3-fold with Picard number 5 which is not a product; it is obtained from P P 1 (O ⊕ O ⊕ O(1)) blowing up the three invariant sections, and is a toric S 3 -bundle on P 1 . We see in table 1 that the situation is very simple: the 18 toric Fano 3-folds are all either a toric bundle with fiber P 1 , P 2 , P 3 , S 2 or S 3 , or they are obtained from a P 1 -bundle with a single blow-up (case 2.4.2b, r=0).
In table 2, the letters refer to Batyrev's table of toric Fano 4-folds in [4] . The variety missing in Batyrev's table is Sato's 4-fold, see [17] . We remark first that with only two exceptions, in all cases described by theorem 2.4 there is at most one flip. The two exceptions are the Del Pezzo variety V 4 and the pseudo-Del Pezzo variety V 4 ; these two varieties are special from many points of view: see [19, 9, 17, 8] .
We remark also that theorem 2.4 describes 107 of the 124 toric Fano 4-folds. Among the remaining 4-folds, 9 are projective bundles; the classes for which we really lack a description are the last two.
Proof of theorem 2.4. Let D = V (x). We recall that from the exact sequence (♥) on page 3 we have ρ X = #G(Σ X ) − n for the Picard number of X, and since 1-dimensional cones in the fan Σ D are given exactly by Table 1 : toric Fano 3-folds. 2-dimensional cones of Σ X containing x, we get:
Hence the difference ρ X − ρ D is equal to the number of primitive collections of order two containing x. Let's show that x is contained in at most three primitive collections of order two. By lemma 2.3, there are at most two primitive collections of order two and degree 1 containing x, and the only primitive collection of order two and degree 2 containing x can be {x, −x}.
For the second part of the theorem, the idea of the proof is the following. Suppose that we have a pair x, −x ∈ G(Σ X ). Then X is generically fibered in P 1 as described in the basic construction. Moreover, we know by lemma 2.3 that there are at most two divisorial E P . We are going to show that if there are exactly two, then there are no other obstructions; in this case there are three pairs of symmetric generators, which give a toric bundle in surfaces S 3 . If there is only one divisorial obstruction, we have two pairs of symmetric generators, and the non-divisorial obstructions to the two pairs are "compatible": hence with a finite number of flips we get a toric bundle in surfaces S 2 . 1) Since ρ X − ρ D = 1, x not contained in primitive collections of order two different from {x, −x}. Hence the statement follows from the basic construction: none of the E P is divisorial.
2) D = V (x) with x contained in two primitive collections of order two. We consider first the case where both collections have degree 1: then by lemma 2.3, the primitive relations are x + y = (−w), x + w = (−y). Thus, by lemma 2.1, we know the following primitive relations of Σ X :
Moreover, we know that y, w ∈ Σ X , because if {y, w} were a primitive collection, the primitive relation should be y + w = (−x), and this would give a third primitive collection {x, −x} of order two containing x. Hence in the plane H ⊂ N Q spanned by x and y we get a fan of the Del Pezzo surface S 2 as in the following figure:
We remark that the generators x, y, −y, w, −w can not be contained in other primitive collections of order two beyond the ones already given.
Claim 1: if P is a primitive collection such that #P ≥ 3 and y ∈ P , then it is also w ∈ P . Proof of claim 1. Let P = {y, z 1 , . . . , z h }. By lemma 2.3, we know that the cone −y, z 1 , . . . , z h is in Σ X . If w ∈ P , the extremality of the relation (−y) + (−w) = x implies by theorem 1.3 that −w, z 1 , . . . , z h ∈ Σ X ; again, using the relation x + y = (−w), we get P ∈ Σ X , a contradiction.
Suppose that P = {y, w, z 1 , . . . , z h } with h ≥ 1. Clearly {z 1 , . . . , z h } ∩ {x, −y, −w} = ∅, otherwise P would contain another primitive collection. We know by lemma 2.1 that deg P = 1 and that Σ X contains the following extremal relations:
Moreover, it is easy to see that also
is a primitive relation; it has degree 2 and it is not extremal.
Claim 2: if P is a primitive collection such that #P ≥ 3 and x ∈ P , then P is obtained as (♣), so in particular it has degree 2.
Proof of claim 2. Let P = {x, p 1 , . . . , p r }. Then it is easy to see that also {−y, p 1 , . . . , p r } is primitive, so by lemma 2.1 we get extremal relations:
By claim 1, we can assume w = q r ; then r(P ) is
Clearly, for symmetry, claim 1 implies that if P is a primitive collection such that #P ≥ 3 and w ∈ P , then it is also y ∈ P . Now consider the two pairs y, −y and w, −w. Applying the basic construction, by claim 1 we see that we can eliminate the obstructions for y + (−y) = 0 and for w + (−w) = 0 simultaneously. Namely, we flip all the relations of type y + w + z 1 + · · · + z h = v 1 + · · · + v h+1 , and get a smooth toric variety X. Consider the blow-down X → Y with respect to the relation (−y) + (−w) = x. In Y the classes y + (−y) = 0 and w + (−w) = 0 are both extremal, thus Y is a toric (P 1 ×P 1 )-bundle over a smooth toric variety Z. The center of the blow-up X → Y is an invariant section, hence X is a toric S 2 -bundle over Z. Moreover, D is the exceptional divisor of this blow-up, and the center of the blow-up is isomorphic to Z, so D is a P 1 -bundle over Z. Claim 2 implies that D is Fano, because in Σ X there are no primitive collections containing x and having degree 1 and order greater than 2. This implies that Z is Fano (see [18] ; in the toric case it is easy to see this directly). Hence we have shown 2.4.2a.
We consider now the case where the two primitive collections containing x are {x, −x} and {x, y}, with relations x + (−x) = 0 and x + y = v.
If −y ∈ G(Σ X ), then we have primitive relations v + (−y) = x and v + (−x) = y. Hence v is contained in two primitive collection of order 2 and degree 1, and moreover −v ∈ G(Σ X ), because otherwise {x, −v} would be a third primitive collection of order two containing x. Then we can consider v instead of x and get again 2.4.2a.
In the same way, if −y ∈ G(Σ X ) but −v ∈ G(Σ X ), y is contained in two primitive collections of order 2 and degree 1, so we get again 2.4.2a.
Therefore we can assume −y, −v ∈ G(Σ X ):
In this case we can perform the basic contruction and get 2.4.2b; we remark that there is one single blow-down corresponding to the relation (−x) + v = y. Moreover, we remark that D is Fano if and only if there are no other obstructions, namely if and only if r = 0.
3) D = V (x) with x contained in three primitive collections of order two. By lemma 2.3, the relations are
Moreover, applying lemma 2.1 to the pairs {x, −x}, {y, −y}, {w, −w} we get the following relations:
The six generators x, y, w, −x, −y, −w lie in the same plane H ⊂ N Q as in the following figure: Since all relations having degree 1 are extremal, the cones x, −y , x, −w , w, −y , −w, y , −x, y and −x, w are all in Σ X . These cones give a fan of the Del Pezzo surface S 3 . We claim that for every primitive collection P in Σ X different from the nine already given, we have P ∩ {x, y, w, −x, −y, −w} = ∅. Indeed, suppose that P ∩ {x, y, w, −x, −y, −w} = ∅. Since P can not contain another primitive collection, this intersection will have order 1 or 2. If the order is 2, we can suppose P = {x, −y, z 1 , . . . , z h } with {z 1 , . . . , z h } ∩ {x, y, w, −x, −y, −w} = ∅; but x, z 1 , . . . , z h ∈ Σ X implies x, −y, z 1 , . . . , z h ∈ Σ X , a contradiction. If P ∩ {x, y, w, −x, −y, −w} has order 1, we can suppose P = {x, z 1 , . . . , z h } with {z 1 , . . . , z h } ∩ {x, y, w, −x, −y, −w} = ∅. Then by lemma 2.1 we have two primitive extremal relations:
For what preceeds, we know that {v 1 , . . . , v h } ∩ {x, y, w, −x, −y, −w} = ∅. Then, using theorem 1.3 and the primitive extremal relations (−y)+(−w) = x, x + y = (−w), (−x) + (−w) = y, we get that −x, v 1 , . . . , v h ∈ Σ X , a contradiction.
Applying the basic construction to the two pairs x, −x and y, −y, we see that the only obstructions are the divisorial ones. This means that blowingdown on X the two relations x + y = (−w) and (−x) + (−y) = w, we get a toric (P 1 × P 1 )-bundle, hence X itself is a toric S 3 -bundle over a toric Fano variety Z.
We remark that the role of the six generators {x, y, w, −x, −y, −w} is perfectly symmetric. The six invariant divisors D 1 = D, D 2 , . . . , D 6 corresponding to them are all Fano, hence also Z is Fano.
Picard number of toric Fano varieties
A first bound for the Picard number of n-dimensional toric Fano varieties was due to V. E. Voskresenskiȋ and A. A. Klyachko [19] :
Recently, O. Debarre [8] has found a better bound:
Moreover, there are some conjectures due to G. Ewald [9] for a linear bound in n.
Looking at tables 1 and 2 on page 11, we see that in dimension 3 and 4 the toric Fano varieties having maximal Picard number are actually S 3 -bundles over a toric Fano variety of lower dimension (and they are very few). Assuming that this holds in all dimensions, applying induction would give the following:
This bound would be sharp: just consider (S 3 ) n 2 for n even, (S 3 ) n−1
× F for n odd, where F is the toric Fano 3-fold with ρ F = 5 which is not a product (see table 1 on page 11).
In this section we show that conjecture 3.1 is true for n = 5:
Moreover, ρ X = 9 if and only if X ≃ S 3 × S 3 × P 1 or X ≃ S 3 × F .
As they count the faces of a simplicial convex polytope, the numbers f i have to satisfy many relations; we refer to [13] for a survey on this. In particular, by the Dehn-Sommerville equations, f [ ]−1 . In dimension 5 we have (see [13] , page 112):
For toric Fano varieties, we have a further relation, due to V. Batyrev:
In dimension 5 this gives 12f 2 ≥ 11f 3 , that together with the Dehn-Sommerville equations gives:
Using the results of the preceeding sections, we can get a new relation under the hypothesis that X does not have many primitive collections of order two:
Lemma 3.4. Let X be an n-dimensional toric Fano variety. Suppose that for any generator x ∈ G(Σ X ), there are at most two primitive collections of order two containing x, and if there are exactly two, they are {x, −x} and {x, y} with −y, −x − y ∈ G(Σ X ). Then Σ X has at most 3 4 f 0 primitive collections of order two, namely:
Proof. The maximal number of primitive collections of order two in X is given by the maximal number of configurations like in theorem 2.4.2b, where we have three primitive collections of order two involving four generators (see figure on page 14) .
Proof. By lemma 3.4, we have
On the other hand, we have (♠): 7f 1 ≤ 45(f 0 − 2). These relations give 14f 2 0 − 215f 0 + 360 ≤ 0, hence f 0 ≤ 13 and ρ X ≤ 8.
We remark that in this way we can not get a similar result in higher dimensions, because with theorem 3.3 and the Dehn-Sommerville equations we get a relation among f 0 , . . . , f [
Proof of theorem 3.2. Suppose that X has three primitive collections of order two having a common element. Then, by theorem 2.4, X is a toric S 3 -bundle over a toric Fano 3-fold: in particular, ρ X ≤ 9. Suppose now that X has two primitive collections of order two having a common element and that the configuration is as described in theorem 2.4.2a. Then X has the same Picard number as a toric S 2 -bundle over a toric Fano 3-fold; hence ρ X ≤ 8.
Finally, if X does not fit in the preceeding cases, then proposition 3.5 applies, so ρ X ≤ 8.
Therefore if ρ X = 9, X is a toric S 3 -bundle over a toric Fano 3-fold Z with ρ Z = 4. Looking at table 1 on page 11, we see that either Z ≃ S 3 × P 1 or Z ≃ F . In both cases, the only possibility for X being Fano is X ≃ S 3 × Z.
Equivariant birational morphisms whose source is Fano
Throughout this section, X will be an n-dimensional toric Fano variety, Y an n-dimensional, smooth, complete toric variety, and f : X → Y an equivariant birational morphism. The fan of X is a subdivision of the fan of Y , so in particular G(Σ Y ) ⊆ G(Σ X ). The new generators of X, namely the ones in G(Σ X ) G(Σ Y ), correspond to the irreducible components of the exceptional divisor of f . We want to study which conditions are imposed on the possible positions of new generators by the fact that X is Fano.
We fix an irreducible invariant divisor E = V (x) ⊂ X and consider A = f (E) = V (η) ⊂ Y , where η ∈ Σ Y . Consider Star(η) = {σ ∈ Σ Y |σ ⊇ η} and
Λ η is a closed, connected subset of N Q , and it has non-empty interior: we think of its boundary as a partition of the vector space N Q . We define the sets of generators:
G η are the generators of Σ X lying inside Λ η , H η the generators lying outside:
Proposition 4.1. In the above setting, we have:
2. for all z 1 ∈ G η and z 2 ∈ H η , either
, then X is a toric S 3 -bundle over a toric Fano variety.
Remarks:
1) if H η = ∅, the majority of the new generators (the ones in G(Σ X ) G(Σ Y )) must lie on the boundary of Λ η .
2) All generators in G η are new generators: indeed, they forcely lie inside some cone of Σ Y . So they all correspond to components of the exceptional divisor. Instead, the generators in H η can either be new generators, or they can be generators of Σ Y which do not belong to Star(η); such generators are
3) The sets G η and H η can be seen in a more geometric way: let z ∈ G(Σ X ) and τ ∈ Σ Y such that z ∈ Rel Int τ . Then f (V (z)) = V (τ ) in Y , and we have:
Therefore we have: 
, and E is the only component of the exceptional divisor contracted to p, unless Y ≃ P n . In the case Y ≃ P n , there can be at most another component contracted to p.
In particular, if one component of the exceptional divisor is contracted to a curve, then ρ Y ≤ 4.
The proof of proposition 4.1 will be an easy consequence of the following lemma: Lemma 4.3. Let X be Fano and suppose that G, H ⊂ G(Σ X ) are two nonempty, disjoint sets of generators such that for all x ∈ G and y ∈ H, the set {x, y} is a primitive collection in Σ X . Then |G ∪ H| ≤ 4; moreover, if |G ∪ H| = 4, X is a toric S 3 -bundle over a toric Fano variety, and one of the following two cases occurs:
Remark: in particular, this implies that the union of m irreducible invariant divisors on X is always a connected set for m ≥ 5.
Proof of lemma 4.3. We already know from theorem 2.4 that |G| ≤ 3 and |H| ≤ 3: we have to show that if |G| = 3, then |H| = 1 (thus by symmetry we also have that |H| = 3 implies |G| = 1). We set G = {x 1 , x 2 , x 3 }, and let y ∈ H. Since {y, x i } is a primitive collection for i = 1, 2, 3, it must be y = −x i for some i. Therefore H ⊆ {−x 1 , −x 2 , −x 3 }. Suppose now that −x 1 ∈ H: then by lemma 2.3, we have two primitive relations (−x 1 ) + x 2 = (−x 3 ) and (−x 1 ) + x 3 = (−x 2 ); having degree 1, these relations are extremal, hence the cones −x 3 , x 2 and −x 2 , x 3 are in Σ X , so H = {−x 1 }. This gives case (i), and since −x 1 is contained in three primitive collection of order two, X is a toric S 3 -bundle over a toric Fano variety by theorem 2.4.
It remains to show that when |G| = |H| = 2 the primitive relations are as described in case (ii). Let G = {x 1 , x 2 }: if there exists y ∈ H such that y = −x 1 and y = −x 2 , then we get primitive relations x 1 + y = (−x 2 ), x 2 +y = (−x 1 ); in particular we see that y = −x 1 −x 2 is uniquely determined by x 1 and x 2 , and the cones x 1 , −x 2 , −x 1 , x 2 are in Σ X : hence H = {y}. Therefore, the only possibility if |H| = 2 is that H = {−x 1 , −x 2 }. Clearly in this case we have primitive relations as in (ii). Moreover, since x 1 + v = x 2 , also {x 1 , v} is a primitive collection: then x 1 is contained in three primitive collections of order 2, and again by theorem 2.4 X is a toric S 3 -bundle over a toric Fano variety.
Proof of proposition 4.1. We remark that G η is non-empty, because f (V (x)) = V (η) means that x ∈ Rel Int η: then x is in the interior of Λ η , so x ∈ G η .
Let y ∈ G η and z ∈ H η : the cone y, z crosses the boundary of Λ η , which is composed of cones in Σ Y . Since Σ X is a subdivision of Σ Y , it must be y, z ∈ Σ X . Hence {y, z} is a primitive collection for Σ X .
Therefore, either H η = ∅, or lemma 4.3 applies to G η and H η , and we get (1) and (3). Also (2) is clear, because if we have a primitive relation z 1 + z 2 = v, then it has degree 1, so it is extremal, and the cones z 1 , v and z 2 , v are in Σ X . Since they can not cross the boundary of Λ η , it must be v ∈ ∂Λ η .
Proof of corollary 4.2. Let
have at least one generator outside η, hence H η = ∅; so |G η ∪ H η | ≤ 4 by theorem 4.1. Notice that |G η | is exactly the number of the components of the exceptional divisor that are contracted to p.
We claim that the cases |G η | = 3, |H η | = 1 and |G η | = |H η | = 2 can not happen. Indeed, since dim η = n, we have that Star η = η is strictly convex. Now, looking carefully at the primitive relations given by (i) and (ii) of lemma 4.3, one can easily see that if |G η | = 3, |H η | = 1 or |G η | = |H η | = 2, then there exists some generator v such that v, −v ∈ ∂η, which is impossible.
Therefore, we have in any case that |G η | ≤ 2, and if |G η | = 2 then it must be |H η | = 1, which clearly implies Y ≃ P n .
From now on we will consider the case where the morphism f : X → Y is a smooth equivariant blow-up. We want to apply the preceeding results to study under which conditions it is possible that Y is non-projective. In fact,
as far as we know, there are no known examples of a non-projective toric variety Y that becomes Fano after a smooth equivariant blow-up
Let A ⊂ Y be the center of the blow-up. If A is a point, Y is always projective; if dim A = n − 2, a line in a non-trivial fiber of the blow-up has anticanonical degree 1, so it is extremal by proposition 1.6, and again Y is projective.
The result we obtain is the following: 
Proof. We will show that Y is projective when ρ X − ρ E = 3; in the same way one can prove the other case. By 2.4.1, there is a toric S 3 -bundle π : X → Z over a toric Fano variety Z. Let E = V (x): keeping the notation of theorem 2.4, we know that in Σ X there are the nine primitive relations: Let K ⊂ PC(Σ X ) be the set of these nine primitive collections; we also know that there is a bijection between PC(Σ X ) K and PC(Σ Z ), induced by the surjective morphism π * : NE(X) → NE(Z). We claim that for every primitive collection P ∈ PC(Σ X ) K, r(P ) is extremal in NE(X) if and only if π * (r(P )) is extremal in NE(Z). Indeed, clearly if r(P ) decomposes as a sum of other primitive collections, the decomposition holds for π * (r(P )), and conversely. Now consider the class ω = r(Q) coming from the blow-up f ; Y is projective if and only if ω is extremal in NE(X). If ω is in K, then it has degree 1, hence it is extremal. So we can suppose that ω ∈ PC(Σ X ) K; we want to show that π * (ω) is extremal in NE(Z). We remark that ω |E is extremal in E, because it corresponds to a P r -bundle on the center of the blow-up f . But this implies that π * (ω) is extremal in Z, because it is the image of ω |E under the restriction π |E : E → Z, which is a P 1 -bundle.
In the case dim A ≤ 2 it is sufficient to suppose that Y is not Fano to get strong conditions on A. This result is due to J. Wiśniewski [21] , and it is particularly interesting because it holds in a general (non-toric) setting: Moreover, A ≃ P 1 × P 1 or A ≃ S 1 , E ≃ A × P n−3 , and X is either a toric S 2 -bundle over P 1 × P n−3 , or the blow-up of a toric P 1 -bundle over A × P n−3 along a codimension 2 smooth invariant subvariety contained in a section.
Proof. We know, by theorem 4.6, that A ≃ F a with a ∈ Z ≥0 . We treat the case a > 0; the case a = 0 is very similar and easier, because the normal bundle N E/X is known.
Let E = V (x): we know by theorem 4.6 that E has a P 1 -bundle structure over an (n − 2)-dimensional toric variety. Hence in Σ E we have primitive relations:
while in Σ X we know the relations u 0 + u 1 = x and z 0 + · · · + z n−3 = x. Moreover, either {v 0 , v 1 } is a primitive collection in Σ X , or {x, v 0 , v 1 } is. Since −K E is nef, it must be a = 1 or a = 2.
We have ρ E = 3 and ρ X = 5, thus x is contained in exactly two primitive collections of order two {x, w 0 } and {x, w 1 }, and
We examine the possible primitive relations of {x, w 0 } and {x, w 1 }.
We remark that if {x, v 0 , v 1 } is a primitive collection in Σ X , then by proposition 2.1 the associated relation should be x + v 0 + v 1 = p 0 + p 1 . Since the degree is 1, we would get x, p 0 , p 1 ∈ Σ X , hence this would give in Σ E the primitive relation v 0 + v 1 = p 0 + p 1 , a contradiction. Hence {v 0 , v 1 } is a primitive collection in Σ X , with relation v 0 + v 1 = au 0 , so a = 1. Then we get primitive relations:
We easily see that X is the blow-up along V ( z 0 , w 0 ) of the variety X ′ given by the primitive relations:
X ′ is a P 1 -bundle over P n−3 × S 1 . Clearly the relation z 0 + · · · + z n−3 = x is extremal in NE(X), thus Y is projective.
2) x + w 0 = 0, x + w 1 = v 1 . Exactly as in the preceeding case we see that a = 1, v 0 + v 1 = u 0 is a primitive relation in Σ X and X is the blow-up of X ′ along V ( v 1 , w 0 ).
3) x + w 0 = 0, x + w 1 = u 1 . As in case 1), we have that a = 1 and v 0 + v 1 = u 0 is a primitive relation in Σ X . Moreover we know the primitive relations u 0 + w 1 = 0 and u 1 + w 0 = w 1 . We are in the hypothesis of 2.4.2a, and x can not appear in other primitive collections, because this would give other primitive collections in E: hence X is toric S 2 -bundle over P n−3 × P 1 . In particular, Y is projective, by proposition 4.5.
4) x + w 0 = 0, x + w 1 = u 0 . This is exactly as the preceeding case, except for the fact that the primitive relation associated to {v 0 , v 1 } can be either
In both cases X is a toric S 2 -bundle over P n−3 × P 1 and Y is projective.
5) x + w 0 = u 0 , x + w 1 = u 1 . This is the only case with −x ∈ G(Σ X ), and we are again in the hypothesis of 2.4.2a. This implies that E is Fano, hence a = 1. If {x, v 0 , v 1 } is a primitive collection in Σ X , the primitive relation could be x + v 0 + v 1 = u 0 or x + v 0 + v 1 = w 0 , but both cases are impossible: indeed, we have seen in the proof of 2.4.2a that any primitive relation involving x with coefficient 1 can not contain any other generator of the fan of S 2 . Therefore we get the same as case 4), X is toric S 2 -bundle over P n−3 × P 1 and Y is projective.
Proof of theorem 4.4.
Since Y is non-projective, it must be ρ Y ≥ 4 (see [12] ). Moreover, by proposition 4.5 we have ρ Y − ρ A ≤ 2, hence ρ A ≥ 2. So it clearly can not be dim A = 1. If dim A = 2, the possible cases are described by theorem 4.6. Again, it can not be A ≃ P 2 ; in the other cases we have ρ A = 2 and ρ X = 5: then proposition 4.7 applies and Y is projective. Hence, it must be dim A ≥ 3.
Equivariant birational morphisms in dimension 4: analysis of the possible subdivisions
In [17] , H. Sato shows that every equivariant birational morphism between toric Fano 3-folds is a composite of smooth equivariant blow-ups between toric Fano 3-folds. We recall that in general an equivariant birational morphism f between smooth complete toric varieties doesn't admit a factorization in a sequence of smooth blow-ups, if the dimension is greater than two (f will have a factorization as a sequence of smooth equivariant blow-ups and blow-downs; see [14] and [1] ). In case of an equivariant birational morphism between toric Fano 3-folds, not only is there a factorization in smooth equivariant blow-ups, but also all the intermediate 3-folds are Fano. Such a result is proven in two steps: 1) if the source is Fano, then the morphism is a composite of smooth equivariant blow-ups; 2) if also the target is Fano, then all the intermediate 3-folds are Fano. In [7] the author has shown, with an explicit counterexample, that the same result does not hold in dimension 4:
.1). There exist two toric Fano 4-folds X and Y and a birational equivariant morphism f : X → Y , such that f doesn't admit a decomposition in smooth equivariant blow-ups between toric Fano 4-folds.
In this section we show that at least 1) holds in dimension 4: 1) σ ∈ Σ X , i. e. σ is not subdivided.
2) y 1 , y 2 ; the only primitive relation is y 1 + y 2 = x 1 .
3) y 1 , y 2 , y 3 ; the only primitive relation is y 1 + y 2 + y 3 = x 1 .
4) y 1 , y 2 , y 3 , y 4 ; the only primitive relation is y 1 + y 2 + y 3 + y 4 = x 1 .
5) y 1 , y 2 , y 3 , y 4 ; primitive relations: y 1 + y 2 = x 1 , y 3 + y 4 = x 2 .
6) y 1 , y 2 , y 3 , y 1 , x 1 ; primitive relations: y 1 + y 2 + y 3 = x 1 , y 1 + x 1 = x 2 , y 2 + y 3 + x 2 = 2x 1 .
7) y 1 , y 2 , y 3 , y 1 , y 4 ; primitive relations:
8) y 1 , y 2 , y 3 , y 1 , y 2 ; primitive relations: y 1 + y 2 = x 2 , x 2 + y 3 = x 1 .
9) y 1 , y 2 , y 3 , y 4 , y 1 , y 2 , y 3 ; primitive relations:
10) y 1 , y 2 , y 3 , y 2 , y 3 , y 4 , y 4 , x 2 ; primitive relations:
11) y 1 , y 2 , y 3 , y 4 , y 1 , y 2 ; primitive relations: y 1 +y 2 = x 2 , y 3 +y 4 +x 2 = x 1 .
12) y 1 , y 2 , y 3 , y 4 , y 1 , y 2 , y 3 , y 4 ; primitive relations:
13) y 1 , y 2 , y 3 , y 4 , y 1 , y 2 , x 2 , y 3 ; primitive relations:
14) y 1 , y 2 , y 3 , y 4 , y 1 , x 1 ; primitive relations: y 1 + y 2 + y 3 + y 4 = x 1 , y 1 + x 1 = x 2 , x 2 + y 2 + y 3 + y 4 = 2x 1 .
15) y 1 , y 2 , y 3 , y 4 , y 1 , y 2 , y 3 , y 1 , x 1 ; primitive relations:
16) y 1 , y 2 , y 3 , y 4 , y 1 , y 2 , y 3 , x 1 ; primitive relations:
17) y 1 , y 2 , y 3 , y 4 , y 1 , y 2 , x 1 , x 2 ; primitive relations: 
Proof. Since X is complete, the point y 1 + · · · + y m actually lies in some cone of Σ X . Moreover, Σ X is a subdivision of Σ Y , thus it must be τ ⊆ τ .
Then for all i = 1, . . . , k we have
with a ij ∈ Z ≥0 . On the other hand, since
Since Y is smooth, the set {y 1 , . . . , y m } is a part of a basis of the lattice: hence we have
Since b i ∈ Z >0 and a ij ∈ Z ≥0 , for each h = 1, . . . , m there is an index i h = 1, . . . , k such that b i h = a i h h = 1 and a ih = 0 for all i = i h . This means that y h appears only in x i h , with coefficient equal to 1.
In order to study the possible subdivisions, we need to know how nonextremal relations decompose in NE(X). Since in the general the coefficients of such a decomposition are not integral, but rational, we need to introduce a new type of classes in NE(X), which will allow us to work with integral decompositions. We refer to [6] for a more detailed account on this subject.
Definition 5.5. Let Z be an n-dimensional, complete, smooth toric variety, and γ ∈ NE(Z). We say that γ is contractible if the two following conditions hold:
(i) γ is primitive, i. e. there exists a primitive collection P in Σ Z such that γ = r(P ). Therefore we have
with k ≥ 0, a i ∈ Z >0 for all i and y 1 , . . . , y k ∈ Σ Z .
(ii) if ν = z 1 , . . . , z t is such that y 1 , . . . , y k + ν ∈ Σ Z and {z 1 , . . , z t } ∩ {x 1 , . . , x h , y 1 , . . , y k } = ∅, then
Comparing with theorem 1.3, we see that this is exactly Reid's description of the geometry of the fan around the walls corresponding to an extremal class. This description is actually equivalent to the existence of an equivariant morphism ϕ γ : Z → Z γ with connected fibers such that for all curves
In projective varieties, contractible classes have the following interesting property: 
Then the cones w, x, x 2 , x 3 , w, x, z, x 2 , w, x, z, x 3 , z, x, x 1 , x 2 , z, x, x 1 , x 3 are in Σ X .
(C) x 1 + z + w = 2x, x + x 2 + x 3 = z + w. In this case, the cone z, w is in Σ X and crosses x, x 2 , x 3 . Proof. Since the relation x 1 + x 2 + x 3 = x has degree two and it is not contractible, by theorem 5.6 it must be the sum of two relations of degree one. There are four types of primitive relations of degree one in a toric (a+a): y 1 + y 2 − y 3 + w 1 + w 2 − w 3 = x 1 + x 2 + x 3 − x. Then we have y 3 = w 1 , w 3 = x, y 1 = x 1 , y 2 = x 2 which implies x 1 , x 2 ∈ Σ X , a contradiction.
(a+b):
Then we have y 1 = w 4 = x, y 3 = w 1 , y 2 = x 1 , w 2 = x 2 , w 3 = x 3 ; this gives (A).
(a+c):
(a+d):
(b+b): y 1 +y 2 +y 3 −2y 4 +w 1 +w 2 +w 3 −2w 4 = x 1 +x 2 +x 3 −x, impossible.
(b+c): y 1 + y 2 + y 3 − 2y 4 + w 1 + w 2 + w 3 − w 4 − w 5 = x 1 + x 2 + x 3 − x. Then we have y 4 = w 1 = x, y 1 = w 4 , y 2 = w 5 , y 3 = x 1 , w 2 = x 2 , w 3 = x 3 ; this gives (C).
(b+d):
(c+c):
Then we have y 5 = x, y 4 = w 1 , w 4 = y 1 , w 5 = y 2 , y 3 = x 1 , w 2 = x 2 , w 3 = x 3 . We get the relations: y 1 + y 2 + x 1 = y 4 + x and y 4 + x 2 + x 3 = y 1 + y 2 . Since they both have degree 1, they are extremal, so the cones y 1 , y 2 , y 4 , x , y 1 , y 2 , y 4 , x 2 and y 1 , y 2 , y 4 , x 3 are in Σ X , which is impossible.
(c+d):
(d+d):
Proof of proposition 5.3 . Consider the unique coneσ ∈ Σ X such that y 1 + y 2 + y 3 + y 4 ∈ Rel Intσ, where σ = y 1 , y 2 , y 3 , y 4 . The generators ofσ are described in lemma 5. 4 . In Σ X y 1 + y 2 = x 1 is a primitive relation of degree 1, so it is extremal;σ ∈ Σ X implies x 1 , y 1 , y 3 , y 4 ∈ Σ X , x, y 2 , y 3 , y 4 ∈ Σ X ; this gives (2) .
(III) Suppose dimσ = 2. By lemma 5.4, there are two possibilities for σ:σ = y 1 + y 2 , y 3 + y 4 orσ = y 1 + y 2 + y 3 , y 4 .
(III.1) Letσ = x 1 , x 2 with x 1 = y 1 + y 2 , x 2 = y 3 + y 4 . Then y 1 + y 2 = x 1 and y 3 + y 4 = x 2 are primitive relations of degree 1, hence they are extremal. Soσ ∈ Σ X implies that the cones x 1 , x 2 , y 1 , y 3 , x 1 , x 2 , y 1 , y 4 , x 1 , x 2 , y 2 , y 3 , x 1 , x 2 , y 2 , y 4 are in Σ X and this gives (5) .
(III.2) Letσ = x 1 , y 4 with x 1 = y 1 + y 2 + y 3 . Then y 1 , y 2 , y 3 ∈ Σ X , so {y 1 , y 2 , y 3 } contains a primitive collection.
(III.2.1) Suppose {y 1 , y 2 , y 3 } is primitive: then the primitive relation is
(III.2.1.1) If the relation y 1 + y 2 + y 3 = x 1 is contractible,σ ∈ Σ X implies that x 1 , y 1 , y 2 , y 4 , x 1 , y 1 , y 3 , y 4 and x 1 , y 2 , y 3 , y 4 are in Σ X and we get (3).
(III.2.1.2) If {y 1 , y 2 , y 3 } is primitive but y 1 + y 2 + y 3 = x 1 is not contractible, then it must be the sum of two relations of degree 1, and the possible cases are described in lemma 5.7. We remark that the case (C) never occurs, because Σ X is a subdivision of Σ Y .
(III.2.1.2.1) If the sum is like in (A), then we have two extremal relations: y 1 + x 1 = x 2 and y 2 + y 3 + x 2 = 2x 1 . Sinceσ = x 1 , y 4 is in Σ X , we get that the cones x 1 , y 2 , y 3 , y 4 , x 1 , x 2 , y 2 , y 4 , x 1 , x 2 , y 3 , y 4 , x 2 , y 1 , y 2 , y 4 , x 2 , y 1 , y 3 , y 4 are in Σ X too. This is (6) . primitive relations of degree 1, and we have to examine the cases given by lemma 5.7; we remark again that case (C) is not possible here, because Σ X is a subdivision of Σ Y .
(IV.2.2.1) If the sum is like in (A), then we have primitive relations y 1 + x 2 = x 3 and x 3 + y 2 + y 3 = 2x 2 . We claim that this is impossible. Indeed, by the extremality of x 2 + y 4 = x 1 and y 1 + x 2 = x 3 , we get that x 1 , y 1 ∈ Σ X ; on the other hand, we have y 4 + x 3 = x 1 + y 1 , so {y 4 , x 3 } would be a primitive collection of degree zero.
(IV.2.2.2) We have two possible decompositions as in case (B) of lemma 5.7:
(B1) y 1 + x 3 = x 1 , y 2 + y 3 + x 1 = x 2 + x 3 . Then the cones x 1 , y 1 , y 2 , y 4 , x 1 , y 1 , y 3 , y 4 , x 1 , x 2 , y 1 , y 2 , x 1 , x 2 , y 1 , y 3 , x 1 , x 3 , y 2 , y 4 , x 1 , x 3 , y 3 , y 4 , x 2 , x 3 , y 2 , y 3 , x 1 , x 2 , x 3 , y 2 , x 1 , x 2 , x 3 , y 3 are in Σ X , and we get (10) .
(B2) y 1 + x 1 = x 3 , y 2 + y 3 + x 3 = x 1 + x 2 . Then the cones x 1 , y 2 , y 3 , y 4 , x 3 , y 1 , y 2 , y 4 , x 3 , y 1 , y 3 , y 4 , x 1 , x 2 , y 2 , y 3 , x 1 , x 3 , y 2 , y 4 , x 1 , x 3 , y 3 , y 4 , x 2 , x 3 , y 1 , y 2 , x 2 , x 3 , y 1 , y 3 , x 1 , x 2 , x 3 , y 2 , x 1 , x 2 , x 3 , y 3 are in Σ X , and we get (15) .
The last subdivision can occur only if Y ≃ P 4 , because there are two generators of Σ X in the interior of σ.
(IV.3) Finally, suppose {y 1 , y 2 , y 3 , y 4 } does not contain primitive relations of order 3. Then we can assume {y 1 , y 2 } primitive, with relation y 1 + y 2 = x 2 . Since y 3 + y 4 + x 2 = x 1 , the cone y 3 , y 4 , x 2 can not be in Σ X , so {y 3 , y 4 , x 2 } contains a primitive collection.
(IV.3.1) If {y 3 , y 4 } is primitive, with relation y 3 +y 4 = x 3 , then x 2 +x 3 = x 1 is also a primitive relation. Hence the subdivision is given by the cones x 1 , x 2 , y 1 , y 3 , x 1 , x 2 , y 2 , y 3 , x 1 , x 2 , y 1 , y 4 , x 1 , x 2 , y 2 , y 4 , x 1 , x 3 , y 1 , y 3 , x 1 , x 3 , y 1 , y 4 , x 1 , x 3 , y 2 , y 3 , x 1 , x 3 , y 2 , y 4 , and we get (12) .
(IV.3.2) If {y 3 , x 2 } is primitive, with relation y 3 +x 2 = x 3 , then y 4 +x 3 = x 1 is also a primitive relation. Hence the subdivision is given by the cones x 1 , y 1 , y 3 , y 4 , x 1 , y 2 , y 3 , y 4 , x 1 , x 2 , y 1 , y 4 , x 1 , x 2 , y 2 , y 4 , x 1 , x 3 , y 1 , y 3 , x 1 , x 3 , y 2 , y 3 , x 1 , x 2 , x 3 , y 1 , x 1 , x 2 , x 3 , y 2 ; this gives (13) .
(IV.3.
3) The last possibility is that {y 3 , y 4 , x 2 } is a primitive collection. (IV.3.3.1) If y 3 +y 4 +x 2 = x 1 is contractible, then the cones x 1 , y 1 , y 3 , y 4 , x 1 , y 2 , y 3 , y 4 , x 1 , x 2 , y 1 , y 3 , x 1 , x 2 , y 2 , y 3 , x 1 , x 2 , y 1 , y 4 , x 1 , x 2 , y 2 , y 4 are in Σ X and this gives (11) .
(IV.3.3.2) If {y 3 , y 4 , x 2 } is primitive but y 3 + y 4 + x 2 = x 1 is not contractible, then it must decompose as a sum of two primitive relations of degree 1 as described in lemma 5.7.
We have two possible decompositions as in case (A) of lemma 5.7:
(A1) y 3 + x 1 = x 3 , y 4 + x 2 + x 3 = 2x 1 . Then the cones x 1 , x 2 , y 1 , y 4 , x 1 , x 2 , y 2 , y 4 , x 3 , y 1 , y 3 , y 4 , x 3 , y 2 , y 3 , y 4 , x 1 , x 3 , y 1 , y 4 , x 1 , x 3 , y 2 , y 4 , x 2 , x 3 , y 1 , y 3 , x 2 , x 3 , y 2 , y 3 , x 1 , x 2 , x 3 , y 1 , x 1 , x 2 , x 3 , y 2 are in Σ X , and we get (16) .
(A2) x 1 + x 2 = x 3 , y 3 + y 4 + x 3 = 2x 1 . Then the cones x 1 , y 1 , y 3 , y 4 , x 1 , y 2 , y 3 , y 4 , x 1 , x 3 , y 1 , y 3 , x 2 , x 3 , y 1 , y 3 , x 1 , x 3 , y 2 , y 3 , x 2 , x 3 , y 2 , y 3 , x 1 , x 3 , y 1 , y 4 , x 2 , x 3 , y 1 , y 4 , x 1 , x 3 , y 2 , y 4 , x 2 , x 3 , y 2 , y 4 are in Σ X , and we get (17) .
We remark that both subdivisions can occur only when Y ≃ P 4 , because there are two generators of Σ X in the interior of σ.
We claim that y 3 + y 4 + x 2 = x 1 can not decompose as in case (B) of lemma 5.7. Indeed, either the decomposition is given by y 3 + w = z and y 4 + x 2 + z = w + x 1 , or by x 2 + w = z and y 3 + y 4 + z = w + x 1 ; in both cases we get z, y 3 , x 1 , x 2 ∈ Σ X . Now, y 1 + y 2 = x 2 is extremal, so it must be z = y 1 or z = y 2 . This implies w ∈ σ, a contradiction.
Proof of theorem 5.2. We know by proposition 5.3 that the subdivision of every 4-dimensional cone of Σ Y is given by a sequence of star-subdivisions. We just have to check that we can order these star-subdivisions in a way which is compatible with the orders in all 4-dimensional cones of Σ Y .
We order the cones corresponding to centers of star-subdivisions in such a way that:
(i) the dimensions of the cones are non-increasing (ii) each cone appears in the fan obtained with the preceeding star-subdivisions.
It is easy to see directly, looking at the subdivisions given by proposition 5.3, that this order works. More precisely, in all the sequences of star-subdivisions given by proposition 5.3, except for (5) and (10), there is a unique cone of maximal dimension. In (5) and (10) both cones of maximal dimension can be chosen for the first star-subdivision. Then we can use induction.
